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[Sila pastikan bahawa kertas peperiksaan ini mengandungi ENAM muka surat 
yang bercetak sebelum anda memulakan peperiksaan ini.] 
 
 
Instructions: Answer TEN (10) questions. 
 
[Arahan : Jawab SEPULUH (10) soalan.] 
 
 
In the event of any discrepancies, the English version shall be used. 
 
[Sekiranya terdapat sebarang percanggahan pada soalan peperiksaan, versi 
Bahasa Inggeris hendaklah diguna pakai]. 
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1.   (a) Define a complex number as well as the operations of addition and multi-
plication between two complex numbers.  
 
 
 
(b) Show that every  complex number  z  can be expressed in its Cartesian 
form z  = a   + ib  , where  i  is the unit imaginary number.   
 
 
 
(c) Show that no order exists on the field of complex numbers that will make it 
an ordered field.  
 
 
 
[20 marks] 
 
 
 
2.   Solve each equation expressing its solution in Cartesian form:  
  
(a) 2  = 2 -  2 3iz   
  
 
(b) sin z = - i 
 
 
[20 marks] 
 
 
 
3. (a) Define the logarithmic function w  = log z  in £ \  0 .  Explain why 
it   is  discontinuos at all negative real numbers. Find the largest domain 
where w  = Log z   is analytic.  
 
 
 
(b) Show that    = zf z e is a one-to-one function in | z | <  .    
 
 
 
(c) Show that w = sin z is an unbounded entire function.  
 
 
[30 marks] 
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4.  (a)  Suppose f = u + iv is analytic in a domain D. Explain why the derivatives    
( )nf  of all orders exist and are analytic in D. Show that both u and v are 
harmonic in D. Explain why the partial derivatives of  u  and  v  of all 
orders exist and are continuos in D.    
 
 
 
 (b) Determine where  f  (z) = f (x + iy) = 2   x 3    2xy  + i (  162 3x y y y ) 
is differentiable, and find its derivative. Find the largest domain where  f  is 
analytic.  
   
 
 
[25 marks] 
 
 
 
5.   (a) With   z = x + iy,  show that 
 
   
1 1
 ;  .
2 2
i i
z x y z x y
        
      
        
   
  
  Deduce that  f  is analytic in a domain  D  if and only if  0.zf    
 
 
 
 (b)  The Jacobian J   ,u v   of a map  u  =     , , ,u x y v v x y  is the 
determinant of the matrix 
 
   
x y
x y
u u
,
v v
 
  
 
  
 
  that is, J    ., x y y xu v u v u v  If  f u iv    is analytic at  z  , 
show that   fJ z :=  ,J u v  | f ´  z |
2 .     
 
 
 
(c) A function       = , , , ,f z u x y iv x y z x iy      is harmonic in  a 
domain  D   if both  u   and v   are harmonic in  .D  Show that a twice-
continuously differentiable function  f  is harmonic if and only if  0.
z z
f    
 
[35 marks] 
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6.  (a) Let    be a smooth curve in the complex plane, and  f   be continuos over 
  . Define    .f z dz
   
 
 
 
(b) Let  f  be analytic in a domain  ,D  and  N     ; : | | .a r z z a r D     
For  0 ,p r   let  pC  be a positively oriented circle centered at  a  of 
radius  .p  Show that  
 
     
0
1
.
2
if a f a pe d 


 
2
  
 
 If  L  is the length of the image curve  p  of   
ia pe     under  ,f  
use the above mean-value property to  f ´ to show that 
 
  | | 2 |
p
L dw p f

   ´   | .a    
 
 
 
 (c) Show that the Taylor series  
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   converges to  
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[35 marks] 
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7. Evaluate the following integrals over the given positively oriented simple closed 
contour: 
 
(a) 
  | | 4 1 2 1
z
z
ze
dz
z z

  Ñ
   
 
 
 
(b) 
   
2
2| | 3 1 2
z
z
e
dz
z z  Ñ
 
 
 
 
[25 marks] 
 
 
 
8.  Classify each singularity of 
 
   
  2 24 9
i zze
f z
z z

 
  
  
 and find its residue. Evaluate 
 
  
  2 20
sin
.
4 9
x x
dx
x x

 
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[20 marks] 
 
 
 
9. Find two Laurent series expansions for 
 
   
1
2
f z
z


  
 
 about  1.z   
 
 
 
[15 marks] 
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10. Let  P  be the polynomial    11 1 0.
n n
nP z z a z a z a

   K   
 
 
 (a) Show that     1/nQ z z P z  is also an  n th  degree polynomial 
satisfying   0 1.Q    
 
 
 
 (b) Show that max   
| | 1
| |
z
Q z

  max   
| | 1
| |.
w
P w

  
 
 
 
 (c) Deduce that max   
| | 1
| | 1.
z
P z

   
 
 
 
[20 marks] 
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